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What is Hedging?
Clearly, hedging is “doing the opposite.” 

We have some complicated insurance liability on the books, and we have some 
convincing reason to believe it will suffer as the stock market goes down.

Hence, we “hedge” by purchasing some financial derivative whose value soars as 
the market decreases in value.

What’s our “convincing reason” that the liability behaves as it does? Black-Scholes, 
of course. How, then, should we model the hedge instrument? Black Scholes, of 
course!
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The Famous Formula

Today’s NPV of a Call option = (The expected benefit of owning the stock outright) –
(the present value of paying the strike price on expiration day)

)()( 21 dNKedSNC rT−−=

How is this arrived at? In one derivation [2], it all starts with the “replication of risk.”
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Replication of Risk
If hedging means “doing the opposite,” that means we are imitating the behavior of 
the liability with a different instrument. Is this possible?

In fact, the original argument which lead to the Black-Scholes formula was one of 
“replication.” That is, we can trade a position of stock (or futures, or bars of gold) 
just like the payoff of an option. 

If the stock goes up in price, buy more – if it goes down in price, sell. If down further, 
sell more! And so on…

In this way, a trading strategy of a “linear” payoff instrument (stock) can imitate the 
behavior of an option (an item with a non-linear payoff). This equivalence, or 
imitation of behavior is Replication of Risk.
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Replication of Risk
The Replication Argument: A Heuristic
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Delta Hedging
Without any overt pencil 
and paper math, can we 
see replication by 
experiment? Sure we can, 
by spreadsheet [1]. We 
simulate a stock price, 
calculate the value of an 
option as time passes, 
calculate its delta, then 
hedge this option by trading 
stock each period according 
to the delta. 

S0 100 Strike 100
sigma 20.00% Texpire 1
mu 5.00%
r 5.00% dt 0.01

Time S d1 Delta Option Cashflow Balance
0.00 100.000 0.3500 0.63683 10.451 53.232
0.01 104.568 0.5727 0.71659 13.481 8.340 61.599
0.02 103.635 0.5268 0.70084 12.753 -1.632 59.998
0.03 105.446 0.6139 0.73037 13.983 3.114 63.142
0.04 101.742 0.4310 0.66678 11.325 -6.470 56.704
0.05 104.128 0.5486 0.70838 12.900 4.331 61.063
0.06 105.353 0.6083 0.72849 13.713 2.119 63.213
0.07 103.658 0.5238 0.69980 12.435 -2.974 60.270
0.08 103.304 0.5052 0.69327 12.121 -0.674 59.627
0.09 103.515 0.5149 0.69670 12.199 0.355 60.011
0.10 104.039 0.5407 0.70566 12.499 0.932 60.973
0.11 100.785 0.3716 0.64492 10.232 -6.121 54.882
0.12 98.662 0.2565 0.60123 8.842 -4.311 50.599
0.13 99.752 0.3132 0.62292 9.443 2.164 52.788
0.14 98.402 0.2377 0.59395 8.554 -2.852 49.963
0.15 94.789 0.0324 0.51293 6.489 -7.679 42.309
0.16 91.929 -0.1383 0.44501 5.059 -6.244 36.086
0.17 92.305 -0.1206 0.45201 5.169 0.647 36.750
0.18 93.185 -0.0728 0.47099 5.516 1.769 38.537
0.19 95.137 0.0380 0.51516 6.417 4.202 42.759
0.20 98.406 0.2232 0.58831 8.155 7.198 49.978
0.21 97.641 0.1768 0.57017 7.645 -1.771 48.232
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Delta Hedging - Outcomes
We end up with an option payoff at the end of the option lifetime, just by trading 
stock in this example. So the outcome of delta hedging is really an option price. 

If we simulate many paths for the underlying, we would have a distribution of 
hedged P & L’s. The hedger’s job is to narrow this distribution.

This means one instrument can “enforce” the pricing of another!

Clearly, if an ordinary option can be hedged by a simpler instrument, we wish to 
hedge a complicated insurance liability by using more or better financial 
instruments.
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Practical Concerns
We use the Black-Scholes option model to tell us the market sensitivities of our 
insurance liabilities.

We do derivatives transaction to “offset” these sensitivities. 

Trade futures, options and swaps! (Remember to put on dark glasses and 
swagger.)

Insurance hedgers often complain that long dated volatility is unfairly high. 
What about replication? Can’t we debunk, or justify, long dated volatility by a 
simulation involving this hypothetical volatility, and a delta hedging argument? 
How exactly would we do this?

Is implied volatility really overpriced in general? 
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VAGLB Hedging - Liability Shocks
Risk Profile of Liabilities Only
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VAGLB Hedging - Liability Shocks
Equity Market Shocks

(95)(5,325)5,230 %30Market up

(5)(3,727)3,722 %20Market up

28 (1,973)2,001 %10Market up

11 (204)215 %1Market up

---%0Base case

(13)206 (219)%-1Market down

(234)2,147 (2,382)%-10Market down

(666)4,613 (5,278)%-20Market down

(1,479)7,437 (8,916)%-30Market down

Earnings Impact 
(000)

Asset MTM 
(000)

Liability MTM 
(000)ShiftSensitivity
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VAGLB Hedging - Liability Shocks
Volatility Shocks

(841)5,715 (6,556)%10Volatility up

(788)2,815 (3,603)%5Volatility up

(589)1,058 (1,648)%2Volatility up

(189)585 (774)%1Volatility up

---%0Base case

164 (583)748 %-1Volatility down

76 (1,277)1,353 %-2Volatility down

151 (2,998)3,149 %-5Volatility down

(68)(5,723)5,655 %-10Volatility down

Earnings Impact 
(000)

Asset MTM 
(000)

Liability MTM 
(000)ShiftSensitivity
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VAGLB Hedging - Liability Shocks
Interest Rate Shocks

75 (4,893)4,968 %3Interest up

177 (3,598)3,776 %2Interest up

103 (2,020)2,124 %1Interest up

102 (247)349 %0.1Interest up

---%0Base case

(7)251 (258)%-0.1Interest down

(854)2,177 (3,031)%-1Interest down

(1,579)4,904 (6,483)%-2Interest down

(3,296)8,127 (11,423)%-3Interest down

Earnings Impact 
(000)

Asset MTM 
(000)

Liability MTM 
(000)ShiftSensitivity
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VAGLB Hedging - Liability Shocks with Hedge Overlay

Market Shocks with Hedge Overlay
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Conclusions
Black Scholes is correct.

It’s right, within its context, but more importantly it’s useful and facile.

Other models exist, but of course that’s a different subject…
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Black Scholes is correct. Or is it?
Black Scholes accepts volatility as an input, and gives an option price as an output. 
What’s volatility? It’s a property of the underlying process.

The assumption set – that is, accepting volatility and rates as constants – is really 
no problem, because as they change in the marketplace, we can simply update the 
model inputs and solve for a new price.

So the “implied volatility” of an option really explains the behavior of the underlying 
index ( or stock, or whatever).

So what’s the problem?
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What’s Wrong
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Observations
If we look at the illustration of the volatility surface, we see that options with different 
strikes as well as different maturities, have different Black-Scholes volatilities.

So volatility as a statistic, loses its explanatory power and becomes a parameter. If 
volatility is dependent upon strike and expiration, we want to model it!

Three classes of answers to “the smile problem” are Local Volatility, Stochastic 
Volatility and Jump Diffusion.

Local Volatility: Using an “equation of motion” for a probability distribution known as 
the Fokker-Planck equation, we obtain what is known as the “local volatility.” That 
is, a function of strike and time which allows a calibration to observable vanilla 
prices. 

Stochastic Volatility: The volatility that drives a Geometric Brownian Motion is itself 
a stochastic process 

Jump Diffusion: Returns are driven by a GBM with an additive “boing”
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Connection: Density to Skew

Density Versus Skew
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Connection: Density to Skew
Density Versus Skew
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The skew is an attempt by the 
market to get the RN density right.

These graphs are in accord with Zhang, Jin and Xiang, 
Yi; “Implied Volatility Smirk,” University of HK, Working 
Paper 
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Insurance
Variable Annuities and other Insurance structures are typically modeled using 
Monte Carlo. 

All Those In Favor: 

Can handle heavy path dependence

Baskets, other structural complexities. 

All Those Opposed:

Computationally expensive

The Ayes Have It: and MC it is. So, within the three families of models we set 
earlier, our model choice needs to do two things (really, three things):

Calibrate to observed option prices

Must “agree with“ (i.e. correctly price) hedge assets

Must “easily” simulate random walks so the liability is treated consistently 
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Conclusions
Black Scholes is correct. It’s right, within its context, but more importantly it’s 
useful and facile.

However, as a hedger of complicated risks, your hedge assets and your 
insurance liabilities must be calculated the same way. In fact, they must be 
calculated using the same model.

If you have hedge assets on the books, you are receiving valuation marks from 
a counterparty – these valuations exist on some volatility surface. (Check it and 
see.)

If you are not including a volatility skew / surface in your liability 
calculation, you are mismatched to your hedges, your net Greeks are 
wrong, and your financial statements are wrong!

Model choices are always a tradeoff. Local volatility calibrates well but is 
numerically unstable. (Also its dynamic behavior is questionable.) Stochastic 
volatility may calibrate well to one part of the term structure but not another. 
Other models…?


